Hong [Fuzzy Optimization of Decision Making 13 (2014) 415-434, Information Sciences 228 (2013) 45-60.] considers the law of large numbers for T -independent weighted fuzzy variables whose underlying spaces are R p . He proved T -independent fuzzy renewal theorems and renewal reward theorems with respect to the necessity measure and the expected values of fuzzy variable by using the law of large numbers for weighted fuzzy variables on R p . In this paper, we obtained R 1 -version of renewal theorems and renewal reward theorems for L-R fuzzy variables with not uniformly bounded spreads using the results of Hong from which all of the results of Wang and Liu [Applied Mathematical Modelling 39 (2015) 1536-1553 are immediate consequences of our results. An illustrative example is shown.
Introduction
The theory of fuzzy sets, introduced by Zadeh [16, 17] , has been widely examined and applied to statistics and possibility theory in recent years. Since Puri and Ralescu's [14] introduction of the concept of fuzzy random variables, there has been growing interest in fuzzy variables. A number of studies [1-8, 12-14, 18, 19] have investigated renewal theory in the fuzzy random environment based on the concept of fuzzy variable and fuzzy random variable.
Hong [7] considered the law of large numbers for T -independent weighted fuzzy variables whose underlying spaces are R p . In addition, Hong [7] proved T -independent fuzzy renewal theorems in which the inter-arrival time is characterized as weighted fuzzy numbers under t-norm-based fuzzy operations on R p by using the law of large numbers for weighted fuzzy variables on R p with respect to the necessity measure. Following his previous studies, Hong [6] investigated the renewal rewards process with respect to the necessity, credibility, and the expected value in which the random inter-arrival times and random rewards are characterized as weighted fuzzy numbers under t-normbased fuzzy operations on R p and R q p, q ≥ 1, respectively. In this paper, we obtained R 1 -version of a renewal theorems and a renewal reward theorems for T -independent L-R fuzzy variables with not uniformly bounded spreads using the results of Hong [6, 7] . Recently, Wang and Liu [15] proved a renewal theorems and a renewal reward theorems for T -independent L-R fuzzy variables in fuzzy decision systems under the assumption of uniformly bounded spreads of L-R fuzzy variables. The assumption of uniform boundedness is that it may be strong. All of the results of Wang and Liu [15] are direct consequences of our results. An illustrative example is shown.
Preliminaries
Let (Γ, P (Γ), P os) be a possibility space. An L-R fuzzy variable Y = (a, α, β) LR has a membership function from the reals into interval [0, 1] satisfying 
is considered to measure the necessity of Y belonging to D (see [1, 10] ). If D is an interval (a, b), we may also write N es{a < Y < b} instead of N es{Y |D}.
The credibility of Y belonging to D and the expected value E[Y ] (see [10, 11] ) are defined as
provided that at least one of the two integrals is finite. In particular, if Y is a nonnegative fuzzy variable (i.e., Cr{Y < 0} = 0), then
Recall that a triangular norm (or a t-norm [9] ) is a commutative monoid operation in [0, 1] with neutral element 1 and is monotonic (non-decreasing) when viewed as a bivariate function. A t-norm T is said to be Archimedean if T (x, x) < x for all x ∈ (0, 1). It is easy to check that the minimum t-norm is not Archimedean. Now suppose that ξ i , i = 1, · · · , n are fuzzy variables and a t-norm T are given. Then the T -sum ξ 1 +· · ·+ξ n is defined via the sup-T extension principle
Renewal theory
Let ξ n denote the times between the (n − 1)th and the nth events, known as the inter-arrival times, where n = 1, 2, · · · , respectively. We define
If the interarrival times ξ n , n = 1, 2, · · · are fuzzy variables, then the process {ξ n , n ≥ 1} is can be defined as a fuzzy renewal process. We assume that ξ i , i = 1, 2, · · · are nonnegative fuzzy variables. Let N (t) denote the total number of events that has occurred by time t. We then have
N (t) is termed the fuzzy renewal variable.
Definition 1 [1] . The sequence {ξ n } converges in necessity to ξ if for any > 0, lim n→∞ N ec{|ξ n − ξ| < } = 1.
Definition 2 [10] . The sequence {ξ n } converges in credibility to ξ if for any > 0,
Definition 3. The sequence {ξ n } converges in possibility to ξ if for any > 0,
Note that the condition
On the other hand, from the definition of credibility, the condition
and hence,
Hence we have the result.
Proposition 1.
If the sequence {ξ n } converges in credibility to ξ if and only if {ξ n } converges in necessity to ξ if and only if {ξ n } converges in possibility to ξ.
Then by Theorem 9 [7] and Proposition 1,
and
which completes the proof. The following lemma is almost trivial.
Lemma 1. Let {a n } be a sequence of uniformly bounded nonnegative real numbers, then limsup ( n i=1 α n /n) is finite and lim(max 1≤i≤n α i /n) = 0. As a special case of Theorem 1, we have the following Theorem 1 of Wang and Liu [15] from Lemma 1.
Then by Theorem 8 [7] and Proposition 1,
which completes the proof. As a special case of above result, we have the following Theorem 2 of Wang and Liu [15] .
Corollary 2 [15] . Let {ξ k = (u k , α k , β k ) LR } be a sequence of T -independent L-R fuzzy interarrival times with uniformly bounded spreads. If S n /n → u as n → ∞ in credibility, then
Then by Theorem 11 [7] and Proposition 1,
which completes the proof. As a special case of above result, we have the following Theorem 3 of Wang and Liu [15] .
Corollary 3 [15] . Let {ξ k = (u k , α k , β k ) LR } be a sequence of T -independent L-R fuzzy interarrival times with uniformly bounded spreads. If (u 1 + · · · + u n )/n → u as n → ∞ exists, then
Theorem 4 (Fuzzy Elementary Renewal Theorem). Let {ξ
Proof. According to Theorems 3, we know that {N (t)/t} converges in credibility to 1/u. Then, it follows from Liu [10, Theorem 3.54] that for any r ∈ R,
By Lemma 4 [7] , we note that, for large t > 0 and for large r > 0,
As a consequence, by Lebesgue dominated convergence theorem, we have
As a special case of above result, we have the following Theorem 4 of Wang and Liu [15] .
Corollary 4 [15] . Let {ξ k } be a sequence of T -independent L-R fuzzy interarrival times with the same possibility distribution (u, α, β) LR . Then we have
Renewal reward theory
On the basis of the renewal process {N (t), t > 0} with fuzzy interarrival times ξ n , n ≥ 1, suppose each time a renewal occurs we receive a reward which is a L -R fuzzy variable. We denote η n as the reward earned at each time of the nth renewal. Let C(t) represent the total reward earned by time t, then we have
where N (t) is the fuzzy renewal variable. Let T 1 and T 2 be Archimedean t−norms.
/n is finite, and lim(max 1≤i≤n (α i ∨ β i )/n) = 0 and let
Then by Theorem 4 [6] and Proposition 1,
which completes the proof. As a special case of above result, we have the following Theorem 5 of Wang and Liu [15] .
Corollary 5 [15] . Let {ξ k = (u k , α k , β k ) LR } be a sequence of T -independent L-R fuzzy interarrival times with uniformly bounded spreads and {η k = (c k , ρ k , τ k ) LR } be a sequence of T -independent L-R fuzzy rewards with uniformly bounded spreads. If (u 1 + · · · + u n )/n → u as n → ∞ and (c 1 + · · · + c n )/n → c as n → ∞ exists, then
Proof. According to Theorem 5, we know that {C(t)/t} converges in credibility to d/c. We note that
It follows from Liu [10, Theorem 3.59 ] that for any r ∈ R,
Since, by Lemma 1 [6] , for big t > 0 and big r > 0,
by the Lebesgue dominated convergence theorem, we have
As a special case of above result, we have the following Theorem 6 of Wang and Liu [15] .
Corollary 6 [15] . Let {ξ k } be a sequence of T -independent L-R fuzzy variables with the same possibility distribution (u, α, β) LR and {η k } be a sequence of T -independent L-R fuzzy rewards with with the same possibility distribution (c, ρ, τ ) LR . If {η k } and {η k } are mutually T -independent, then
An Example
Let T 1 and T 2 be two Archimedean t-norms and L(x) = R(x) = 1 − x. Let {ξ k = (u k , α k , β k ) LR } be a sequence of T 1 -independent L-R fuzzy interarrival times with α k = 1, k ≥ 1, and
and let {η k = (c k , ρ k , τ k ) LR } be a sequence of T 2 -independent L-R fuzzy rewards with τ k = 2, k ≥ 1, and
are not sequences of L-R fuzzy variables with uniformly bounded spreads. But, they satisfy the conditions limsup n i=1 (α i ∨ β i )/n is finite, lim(max 1≤i≤n (α i ∨ β i )/n) = 0, limsup n i=1 (ρ i ∨ τ i )/n is finite, and lim(max 1≤i≤n (ρ i ∨ τ i )/n) = 0. We also note that
For k 2 ≤ k 2 + j < (k + 1) 2 , since j ≤ 2k + 1, we have
Hence (u 1 + · · · + u n )/n → In this paper, we obtained the fuzzy renewal theorems and the fuzzy renewal reward theorems for T-independent positive L-R fuzzy variables with not uniformly bounded spreads, based on credibility measure and expected value of fuzzy variable where T is a continuous Archimedean t-norms. All of the results of Wang and Liu [15] with uniformly bounded bounded spreads are special cases of our results.
